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Abstract 

Analogs of the classical Sylvester theorem have been known for matrices 
with entries in noncommutative algebras including the quantized algebra of 
functions on GLm and the Yangian for gl^. We prove a version of this theo- 
rem for the twisted Yangians Y(0jv) associated with the orthogonal and sym- 
plectic Lie algebras jjy = Ojv or spjv- This gives rise to representations of the 
twisted Yangian Y(0jv-m) on the space of homomorphisms Y{om^^^{W,V), 
where W and V are finite-dimensional irreducible modules over fljy^ and g^v, 
respectively. In the symplectic case these representations turn out to be ir- 
reducible and we identify them by calculating the corresponding Drinfeld 
polynomials. We also apply the quantum Sylvester theorem to realize the 
twisted Yangian as a projective limit of certain centralizers in universal en- 
veloping algebras. 
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1 Introduction 



Let g be a complex reductive Lie algebra and a C g a reductive subalgebra. Sup- 
pose that y is a finite-dimensional irreducible g-module and consider its restriction 
to the subalgebra a. This restriction is isomorphic to a direct sum of irreducible 
finite-dimensional a-modules with certain multiplicities m^, 

V\a = ®m^W^,. 

If each is provided with a basis and the decomposition is multiplicity-free (i.e., 
TOp ^ 1 for all /i) then it can be used to get a basis of V as the union of the 
bases of the spaces which occur in the decomposition. This observation played 
a key role in the construction of the Gelfand-Tsetlin bases for the representations 
of the general linear and orthogonal Lie algebras. Although the restriction of an 
irreducible finite-dimensional representation of the symplectic Lie algebra sp2„ to 
the subalgebra sp2ri-2 ^'^^ multiplicity-free in general, this approach can be 
extended to the symplectic case with the use of the isomorphism 

V^(BU^®W^, (1.1) 

where 

Uf_, = Homp(VK^, V), dim[/p = m^. 

The space C/^ is an irreducible module over the algebra C(g,a) = U(0)'', the 
centralizer of a in the universal enveloping algebra U(g); see e.g. Dixmier |21 Section 
9.1]. Now, if some bases of the spaces and are given then the decomposition 
(|1.1(1 yields the natural tensor product basis of V. The general difficulty of this 
approach is the complicated structure of the algebra C(0, a). For each pair of the 
classical Lie algebras 

(fl,a) = i9^N,9hi), (ow,OAf), (spjv, sPm)> 

(with even N and M in the symplectic case), the centralizer C(g, a) and its rep- 
resentations can be studied with the use of the quantum algebras called Yangians 
and twisted Yangians. The Yangian Y(g[^) for the general linear Lie algebra gl^ 
is a deformation of the universal enveloping algebra U(g[jv ® C[a;]) in the class of 
Hopf algebras; see e.g. Drinfeld 0. The twisted Yangian Y(g^) for the orthogonal 
or symplectic Lie algebra (g^ = Oat or g^ = ^Pn) introduced by Olshan- 
ski ^21- This is a subalgebra of Y(gljy) and it can also be presented by generators 
and defining relations; see also |14| . Finite-dimensional irreducible representations 
of the algebras Y(g[^) and Y(g^) admit a complete parametrization; see Drin- 
feld 0] and Tarasov [20] for the Yangian case, and the author's work JO] for 
the twisted Yangian case. The Olshanski centralizer construction [181 119| provides 
'almost surjective' algebra homoniorphisms 

Y(g[Ar_M) C(g[jv,g[A/), ^{Qn^m) G{Qj^,Qm) (1-2) 
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which allow one to equip the corresponding C(0, a)-inodule C/^ in with the 
structure of a representation of the Yangian or twisted Yangian, respectively. In 
particular, in the case N — M ^ 2 this module over the twisted Yangian Y(g2) 
admits a natural basis which leads to a construction of weight bases of Gelfand- 
Tsetlin type for the representations of the orthogonal and symplectic Lie algebras; 
see for a review of these results. 

In this paper we exploit the relationship between the (twisted) Yangians 
and the classical Lie algebras in the reverse direction: we use the weight bases con- 
structed in to investigate the representations of the twisted Yangians Y(g^_j,^) 
emerging from the homomorphisms (|1.2|) . 

By the results of ,4, and ^\^}^ the isomorphism class of each finite-dimensional 
irreducible representation V of the (twisted) Yangian is determined by its highest 
weight which is a tuple of formal series over C in a formal parameter. Moreover, 
simultaneous multiplication of all components of the highest weight by a fixed 
invertible formal series corresponds to a representation obtained from V by the 
composition with a simple automorphism of the (twisted) Yangian. It is natu- 
ral to combine these representations into a single similarity class. In the case of 
the Yangian Y(g[^) these similarity classes correspond to finite-dimensional irre- 
ducible representations of the Yangian for the special linear Lie algebra st^y. Both 
in the case of the Yangian and the twisted Yangian the similarity classes are pa- 
rameterized by families of the Drinfeld polynomials {Pi{u), . . . , Priu)) with some 
additional data in the twisted case. Each Pi{u) is a monic polynomial in u, and r 
is the rank of the corresponding Lie algebra. 

Given partitions A = (Ai, . . . , \n) and ji — (/ii, . . . , /ij\f ), let V^(A) and V{ii) 
be the finite-dimensional irreducible representation of and qIj^ with the highest 
weights A and respectively. The space Homgi^^ (^(a*)j ^{^)) is then an irreducible 
representation of the Yangian Y{q\j^_}^j). Its Drinfeld polynomials were calculated 
by Nazarov and Tarasov |17| . The result is a simple combinatorial rule which 
allows one to 'read off' each polynomial Pi (it) from the contents of the cells of 
the skew diagram A//i. These skew representations of the Yangian (they were 
called elementary in |17|). may be regarded as building blocks for the class of 
tame representations. This class is characterized by the property that the action 
of a natural commutative subalgebra of the Yangian in such a representation is 
semisimple. By |17| . each tame representation is isomorphic to a tensor product 
of skew representations. 

A different way to define the homomorphism (|1.2(l in the case of g[jv is pro- 
vided by the quantum Sylvester theorem. Recall that the classical Sylvester theo- 
rem is the following identity for a numerical N x N matrix A = (a^ ): 

where B = (bij) is the m x m matrix formed by the minors bij — a^'™^^...^ of A. 
The sequences of top and bottom indices indicate the row and column numbers of 
the minor, respectively. The most general noncommutative analog of this identity 
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was given by Gelfand and Retakh in the context of the theory of quasideterminants 
originated in their work 0; see also [S] for a review of this theory. 'Quantum' 
versions of this identity apply to the matrices formed by the generators of certain 
quantum algebras, and the determinants are replaced by appropriate quantum 
determinants. In particular, such a version was given by Krob and Leclerc for 
the quantized algebra of functions on GLm- Their approach is also applicable to the 
Yangian Y(0[jy). A different proof for the Yangian case is given in where the 
corresponding quantum Sylvester theorem was used to give a modified version of 
the Olshanski centralizer construction. This provided a new definition of the skew 
representations of the Yangian and the calculation of their Drinfeld polynomials. 

In this paper we produce a quantum Sylvester theorem for the twisted Yan- 
gian Y(0^) with the use of the Sklyanin minors of the matrix of generators of 
Y(g^). Wc first obtain the theorem for the extended twisted Yangian X(gjY) (Sec- 
tion|2Il, following the approach of [H]. The twisted Yangian Y{qj^) is a quotient of 
X(g^) which yields the corresponding result for Y[qj^) (Section ISJ. In Section^ 
we apply the quantum Sylvester theorem to construct a new homomorphism (|1.2|l 
for the twisted Yangian and introduce the corresponding skew representations. We 
show that in the symplectic case each skew representation is irreducible and cal- 
culate its highest weight and the Drinfeld polynomials. The Drinfeld polynomials 
are found by the following simple combinatorial rule somewhat analogous to the 
Yangian case ^7] (see Section 0] below for a detailed formulation). Given a par- 
tition v = (i>i, . . . , Vn) we draw its diagram T^v) as follows. First, place the row 
with i>n unit cells on the plane in such a way that the center of the leftmost cell 
coincides with the origin. Then place the second row with Vn-i — cells in such 
a way that the southwest corner of this row coincides with the northeast corner of 
the first row. Continuing in this manner, we complete this procedure by placing 
an infinite row of cells in such a way that its southwest corner coincides with the 
northeast corner of the row with vi — vi cells. The diagram V{y) is obtained as the 
union of the rows just placed and their images under the central symmetry with 
respect to the southwest corner of the first row. The figure below represents the 
diagram for the partition v = (7, 4) , where the dot indicates the origin. 



To each cell of the diagram we attach its diagonal number, where by diagonals 
we mean the lines passing northwest-southeast through the integer points of the 
plane. The line on the figure indicates the 0-th diagonal and the diagonal numbers 
are consecutive integers increasing from right to left. For any nonnegative integer 
•p denote by r(A)*^P-' the diagram r(A) lifted p units up. 
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Suppose now that ^(A) and F(/Lt) are the irreducible finite-dimensional rep- 
resentations of sp2n s-nd sp2m Corresponding to partitions A and /i having n and 
m parts, respectively. Then the Drinfeld polynomials Pi{u), . . . , Pn-miu) for the 
skew representation Hom^p^^ (^(m): ^W) of the twisted Yangian Y(5p2n-2m) can 
be calculated by the following rule: all roots of the polynomial Pk{u) are simple 
and they coincide with the diagonal numbers decreased by 1/2 of the cells of the 
intersection r(/i) n r(A)('^~^^ (see Theorem 14.91 and Example l4. 101 belowl . 

Finally, in Section |S1 we give a realization of the twisted Yangian Y(g^) as a 
projective limit of centralizers in the universal enveloping algebras. This is a new 
version of the centralizcr construction (cf. jl9lll5p which is based on the quantum 
Sylvester theorem. 

The recent work of Nazarov U^j is also devoted to the skew representations 
of the twisted Yangians although from a different perspective. He uses the clas- 
sical Weyl's approach and gives a realization of the skew representations in the 
tensor powers of the vector representation by applying certain generalized Young 
symmetrizers. 

2 Extended twisted Yangian 

We start by stating and proving some auxiliary results about the extended twisted 
Yangian X(0jy); see for more details. 

2.1 Preliminaries 

We shall be considering the orthogonal and symplectic cases simultaneously, unless 
otherwise stated. Given a positive integer N, we number the rows and columns 
oi N X N matrices by the indices {—n, . . . , —1, 0,1, ... ,n} UN = 2n + 1, and 
by {—n, . . . , —1, 1, . . . ,7i} if — 2n. Similarly, in the latter case the range of 
summation indices — n ^ i, j ^ n will usually exclude 0. It will be convenient to 
use the symbol 9ij which is defined by 

^ 1 1 in the orthogonal case, 

1 sgnz • sgnj in the symplectic case. 

Throughout the paper, whenever the double sign ± or =p occurs, the upper sign 
corresponds to the orthogonal case and the lower sign to the symplectic case. By 
A t-^ A* we will denote the matrix transposition such that — Oij A^j,^i. Let 

the Eij denote the standard basis vectors of the general linear Lie algebra glj^- 
These vectors may be also regarded as elements of the universal enveloping algebra 
U(g[jv). For this reason we want to distinguish the Eij from the standard matrix 
units Cij which are considered as basis elements of the endomorphism algebra 
EndC^. Introduce the following elements of the Lie algebra 

Fij = Eij - dijE^j^^i, n. 
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The Lie subalgebra gjy of 9^n spanned by the elements Fij is isomorphic to the 
orthogonal Lie algebra Oat or the symplectic Lie algebra sp^ (in the latter case N 
is even). 

The extended twisted Yangian X(g^) corresponding to the Lie algebra g^y is 
the associative algebra with generators s|j\ s^^\ . . . where —n ^ i,j ^ n, subject 
to the defining relations written in terms of the generating series 

s.,^{u) = S,, + slfu-^ + s[fu-' + • ■ • e X(0^)[[zi-i]] 

as follows 

(u"^ - v'^)[Sij{u),Skl{v)] = {u + v) {skj{u)Sil{v) - Skj{v)Sil{u)) 

+ 6'i,-j(sfc,_i(u)s-j,i(^) - Sk-t{v)s^j^i{u)), 

where u and v denote formal variables. The defining relations can also be presented 
in a convenient matrix form. Denote by S{u) the N x N matrix whose ij-th entry 
is Sij{u). We may regard S{u) as an element of the algebra X{Qj^)[[u~^]](S)EndC^ 
given by 

= ^ Sij{u) (g) eij, 

where the denote the standard matrix units. For any positive integer m we 
shall be using the algebras of the form 

M3n)[[u'^]] ® EndC^ ® • • • ® EndC^, (2.1) 

with m copies of EndC^. For any a G {1, . . . , m} we denote by Sa{u) the matrix 
S{u) which acts on the a-th copy of EndC^. That is, Sa{u) is an element of the 
algebra H2.1|l of the form 

Sa{u) =^Sij{u) (g) 1(E) ■■■ (g)l(S) Cij (g 1(g) ■■■ 

where the belong to the a-th copy of EndC^ and 1 is the identity matrix. 
Similarly, if 

C = ^ c.jki (g> eu e EndC^ ® EndC^, 

then for distinct indices a,b G {1,...,to} we introduce the element Cab of the 
algebra H2.1|l by 

Cab = ^ CyTci 1 ® 1 ® ■ • ■ «) 1 ® By «) 1 (g) • ■ • 1 (g) Cfei (g) 1 • ■ • (g) 1, 

i.j,k,l 
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where the and eki belong to the a-th and 6-th copies of EndC , respectively. 
Consider now the permutation operator 

P = Y^ e,y d) Cj, e End ® End . 

The rational function R{u) = 1 — Pu^^ with values in the tensor product algebra 
EndC^ (8)EndC^ is called the Yang R-matrix. Introduce its transposed R*{u) 

by 

R\u) = l-Qu-^, = ^%e_^_, 0ej,. (2.2) 

The defining relations for the extended twisted Yangian X(g^) are equivalent to 

the quaternary relation 

R{u ~ v)Si{u)R\-u - v)S2{v) = S2{v)R\-u - v)Si{u)R{u ~ v). (2.3) 

Let ui,...,Uk be independent variables. For k ^ 2 consider the rational 
function R{ui, . . . , Uk) with values in (EndC^)®'^ defined by 

R{ui, . . . , Uk) = {Rk-l,k){Rk-2,kRk-2,k-l) ■ ' ' (^Ifc ' ' ' -R12), 

where we abbreviate Rij = Rij{ui — Uj). Set 

Si = Si{ui), l^j^fc and R-^ = Rj^ = R-^{-Ui - uj), ls^i<j^k. 
For an arbitrary permutation {pi, . . . ,pk) of the numbers 1, . . . , /c, we abbreviate 

(S'pi , . . . , Spi, ) — Sp-^ {Rpj^p2 ■ ■ ■ Rpipk)^P-2 (^P2P3 ' ' ' ^P2Pk ) ' ' ' ^Pk ■ 

The identity 

R{ui,...,Uk){Si,...,Sk) = {Sk,...,Si)Riui,...,Uk) (2.4) 

can be deduced from the quaternary relation (|2.3|) : see |T11 Proposition 4.2]. Now 
specialize the variables Ui by setting 

Ui ^ u — i + 1, i = 1, . . . , k. (2-5) 

It is well known that under this specialization, R{ui, . . . ,Uk) coincides with the 
anti-symmetrization operator on (C^)®'^', where 

^fc = ^ sgncr • Pa, 

and Pa denotes the image of a G &k under the natural action of Sfc on (C^)®*^; 
see e.g. |14l Proposition 2.3]. Hence specializing the variables in (|2.4|l we get 

Ak {Si,...,Sk) - {Sk,...,Si)Ak. 
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This element of the tensor product X(gjY)[[M ^]] g) (EndC^)®'^ can be written as 

summed over the indices flj, fej G {—n, . . . , n}. We also set s^(u) = Sab(u)- We call 
the elements s 1^^'//, (u) of X(g^)[[u"^]] the Sklyanin minors of the matrix S{u). 
Clearly, the Sklyanin minors are skew-symmetric with respect to permutations of 
the upper indices and of the lower indices: 

Sb,-b, (w) =sgncr-sj,^...ft;(u) and s ^^^^^,\^^^^{u) ^ sgna ■ s ^^,„ {u) 

for any a G 6^. 

Proposition 2.1. We have the relations 

1=1 

i=l 

where in the Sklyanin minors the indices p and q replace Ui and bi, respectively, in 
the first sum; the indices —q and —p replace and bi, respectively, in the second 
and third sums; in the fourth sum p and —q replace a-i and aj, respectively, and 
—p and q replace bi and bj , respectively. 

Proof. By (12.4(1 . we have the relation 

R{u, v,v-l,...,v-k + l) {So, ...,Sk) 

= {Sk, . ■ . , So) R{u, v,v — \, . . . ,v ~ m + \), (2.6) 

where we have used an extra copy of the algebra EndC^ labelled by and the 
parameters are specialized as follows 

Mo = u, and Ui — v ~ i + \ for i — \, . . . ,k. 

Then one easily verifies (see e.g. ^2) that the product of i?-matrices in ()2.6f) 
simplifies to 

R{u, v,v-l,...,v-k + l)^Ak{l ^(Poi + • • • + Pok)) ■ 

\ u — V I 
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Applying the transposition over the zeroth copy of End and replacing u by —u 
we also deduce that 

Ak • • • R^k = Ak(l + ^— (Qoi + ■ • • + Qok)) . (2.7) 

Hence (|2.6|l takes the form 

f 1 - ^— (Poi + --- + Pok)) Soiu) (l + ^— (Qoi + --- + Qok)) Ak{Si,...,Sk) 

= {Sk, ...,Si) Ak (Qoi+- • -+^0^)) So{u) (l —iPoi+- ■ ■+Pok)) ■ 

It remains to apply both sides to the vector €5 ef,j (8> ■ • ■ and compare the 
coefficients at the vector Cp ® ® ■ • • ® , where the denote the canonical 
basis vectors of C^. □ 

Corollary 2.2. Suppose that for some indices i, j, to £ {1, . . . , fc} we have Ui = 
—hi and bj = —am- Then 

K.6,H,.-;;;,'';(z;)] = o. 

Proof. By the skew-symmetry property, the Sklyanin minor is zero if it has two 
repeated upper or lower indices. Hence we may assume that z = m if and only 
if j = I. Suppose first that i ^ to. Then using the skew-symmetry of Sklyanin 
minors, we derive from Proposition 12 . II that 

{u-V-l)iu + V + l) [Sa^b, (u), S ll'Zl^ {v)] = Oa^^-b, [S-b,,~a, S H'Z^^ {v)]. 

The same relation holds with i and j replaced by m and Z, respectively, which 
proves the claim in the case under consideration. If = —bj then Proposition 12. II 
immediately gives 

{u-v-\){u + v + i) [sa^b, {u), s ti:::^^ (v)] = 0, 

completing the proof. □ 
The series 

sdet^H = e x(0^)[rt 

is called the Sklyanin determinant of the matrix S{u). CoroUarv 12 . 21 implies that 
all the coefficients of this series belong to the center of the algebra X(0jy); see also 
[141 Theorem 4.8] for a slightly different proof. 

The matrix S{u) is invertible and we shall denote by S^^{u) the inverse 
matrix. The mapping 

TUN ■■ S{u) ^ S-^ {-u - N/2) (2.8) 
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defines an involutive automorphism of the algebra X{g^); see |EI Proposition 6.5]. 
The Sklyanin comatrix S{u) is defined by the relation 

Siu) S{u- N + 1) =sdet S{u). (2.9) 

Due to (|2.8|l . the mapping 

S{u)^S{-u + N/2-1) (2.10) 

defines a homomorphism of X(g^) into itself. 

We shall also use the auxiliary minors s'^^ '^'' ^{u) G X(g^)[[u~"'^]] defined 

by 

Ak {Si, . .. , Sk-i) Rlk ■ ■ ■ Rk-i,k 

= II^6l--.'6?-l,c(")®eai6i 0---®ea,_i6,_i ®ea,c, (2.11) 

summed over a^, bi, c G {— . . . , n}. Since 

Ak {Si, .. ., Sk^i) Rlk ■ ■ ■ Rk-i,k = Ak {Si, .. ., Sk), 
we immediately obtain the relation 

n 

' Z-Z (^) = E ^ ^ct, - + !)• (2-12) 

c— — n 

We obviously have 

Sb,-b,_„c W = sgna • s,,^..b,'_,,cW 

for any a G &k- Also, 

5^1-'^'= fu) ^sgna-s^i-."" fu) 

for any ct G 6k-i', see [5]. Furthermore, it is straightforward to obtain the following 
property of the auxiliary minors from their definition (cf. (S) Proposition 4.4]): if 
c ^ {ai, . . . , ak-i} and c ^ . . . , -6fc-i} then 

^r.^-.,cN = (2.13) 

if c 7^ Qk, while 

^::.:^:^,cH = <"::^:^H- (2-14) 

Set (ai, . . . , ajv) = (— fi, . . . , n). Then the matrix elements s'a^aj (u) of the Sklyanin 
comatrix S{u) are given by 

Sa.a,(u) = {-lf'^sZ::Z-a..a,(^, (2-15) 

where the hat on the right hand side indicates the index to be omitted; see |51 
Section 6]. 



10 



2.2 Sylvester theorem 

We shall need some complementary minor identities for the algebra X{2j^); cf. PP, 
[5] . Fix a nonnegative integer m < n and set M = 2m or Ad — 2m + 1 if iV = 2n 
or iV = 2n + 1, respectively, so that N — M = 2n — 2m. Set B = {— m, . . . , m} and 
denote by A the complement of the subset B in the set {~n, . . . ,n} so that the 
elements of the set A are 

(a^, . . . , ajv_Af) = {-n, -m - 1, m + 1, . . . , n). 

The images of some Sklyanin minors and auxiUary minors with respect to the 
automorphism zun defined in (|2.8|) are provided by the following. 

Proposition 2.3. We have the identities 

sdetSiu)-u,N{sZ'T.ZZi~u + N/2-l))=sZZ..Ziu), (2.16) 

and 

sdet S{u) ■ r^N{sZ-Z-Z-M,a,i-^ + - 1)) 

= (-i)^-*'^-.::::::;:;.(k), (2.17) 

for any i, j S {1, . . . , iV — M} . In particular, 

sdet S{u)-mN {sdet S{-u + N/2-1)) = 1. (2.18) 
Proof. By definition of the Sklyanin determinant, 

An {Si,..., Sn) = An sdet S{u). (2.19) 
This implies the relation 

An {Si, . . . ,Sm) Yl ■ ■ ■ RIn) 

i=l M 

= An sdet S{u) Sj^'^{Rn_i n) ^ ■^'at^'ii ■ • • (-RM+i,Af+2) ^•^'m+i- 

Note that since 

g2 ^ NQ we find from that 

R\u)-^ = R\-u + N). 
Therefore, the right hand side can be written as 

An sdet S{u) SnRn-i,n Sn-i ' ' ' ^m+i,m+2 Sm+i, 
where we have used the notation S°{u) — ■ujn{S{u)) and 

5°=5°«), i?° u°^-u,~N/2 (2.20) 
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with Ui = u — i + I for i = I, . . . , N. Now apply both sides to the basis vector 

V = e_,„ ® • • • (g) (g) • ■ • ® ea„_„, 

where the denote the canonical basis vectors of C^. Comparing the coefficients 
at the vector An v we come to (|2.16ll . 

The proof of (|2.17|) is similar with the use of the relation 

An {Si, . . . , Sm+i) Yl ■ ■ ■ ^in) 

i=l,...,M 

= An sdet S{u) Sj^^{Rn_in) ^ Sj^^_^- ■ ■ Sj^l_^2i^M+i,N) ^ ' " i^M+i,M+2) 

(2.21) 

implied by (|2.19() . Using H2.20|l we can rewrite the right hand side as 

An sdet S{u) SnRn-i,n ^n-i ' ' ' 'S'M+2^M+i,Ar ' ' ' ^m+i,m+2- 
The proof is completed by applying both sides to the vector 

= e-m (g • • • (g Cm ® Caj ® eai ® • • • (g Ca; (g • • • ® ea„_„ 

and comparing the coefficients at the vector An Wh- □ 

It follows from the defining relations for the extended twisted Yangian that 
the subalgebra of X(0^) generated by the elements s-J-* with i,j € B can be re- 
garded as a natural homomorphic image of the extended twisted Yangian X(g^,j). 
The homomorphism takes the generators s|j'' of X(g^,j) to the elements of X(g^) 
with the same name. We let X{2n-m) denote the extended twisted Yangian 
whose generator series Sab(u) are enumerated by elements a, 6 G A. The map- 
ping V : X(g^_^j) I— > X(g^) which sends Sabiu) to the series with the same name 
in X(g^) is an algebra homomorphism. Following 1 consider the homomorphism 
■d : X(g^_^^) 1-^ X(g^) defined as the composition 

i!) — vun ° V o vun-m ■ (2.22) 

Its action on the generators of X{gj^_j^) can be described with the use of the 
Gelfand-Retakh quasideterminants 01?]. Given an arbitrary N x N matrix X = 
(xij) over a ring with 1, denote by X^^ the matrix obtained from X by deleting 
the i-th row and j-th column. Suppose that the matrix X^^ is invertible. The ij-th 
quasideterminant of X is defined by the formula 

In a more graphic fashion, the quasideterminant \X\ij is denoted by boxing the 
entry Xij . The following proposition is proved in the same way as its Yangian 
counterpart; see Lemma 4.2]. 
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Proposition 2.4. For any I ^ j ^ N — M, we have 

^ — m, — m('^) ' ' ■ -5— m,m('^) ^ -~ra.aj{}^^ 



in) 
in) 



^m.m ('^) ^m.aj ('^) 



We shall need an expression for the image of Saiaj{u) in terms of Sklyanin 
minors. 



Proposition 2.5. For any 1 ^ i, j ^ N — M, we have 



1^ ■ Sa.aAu) 



\{u + M/2) 



— rn.. . m, a 



\l]{u + M/2). 



Proof. Considering (|2.17|) as a relation in the algebra ^(Sjv-M) i"eplacing N 
with N ~ AI and replacing M with 0, we get 



^ ai--- ajsf-M 
* ai--- aN-M 



(u) ■wn^mIs"^'"'^"-" i-u + n-m-l)) 



= (-1) 



•a,a,iu). 



Now apply wn-m to both sides and use (|2.18(l to obtain 



TUN-M ■ Saia,{u) ^ (-1) 



X s 



^ . {—u + n — m — 1). 



Next apply the homomorphism v and observe that the images of the Sklyanin mi- 
nors and auxiliary minors occurring in this expression coincide with the respective 
minors in the algebra X(gjy). Indeed, we have the following identity analogous to 
()2.7|l which is verified in the same way: 



Ak-iR[t,---Ri-,.u = Ak-i{l 



Q 



Ik 



2u~k 

Therefore the left hand side of (|2.11|) can be written as 



1 



(2.23) 



AkSJl 



Q 



12 



& 1 



Ql3 + Q23 



fc-1 



1 



hk + ■ ■ ■ + Qk-l,k 



2u-l/ V 2u-2 J V 2ii-fc + l 

If we now put k = N — M and apply this operator to the vector 

eai ® • • • ® 60, (g) • • ■ (g) eajv_M ® eoj. 



then the coefficient at the vector 



will be an expression involving 



only the entries Sabiu) of the matrix S{u) with a,h ^ A. This proves the claim for 
the auxiliary minors. The argument for the Sklyanin minors is the same. 

Finally, the calculation of the image of Sa^a {u) under d is completed by the 
application of tun with the use of H2.16|l and H2.17|l for the algebra X(gjY)- D 
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For any elements a,b £ A introduce the Sklyanin minors 

sUu) = sZZ:Z:ti^ + M/2) (2.24) 

and denote by S^u) the (N — M) x {N — M) matrix whose a6-entry is s^(,(u). Also, 
denote by >5'gg(u) the submatrix of S{u) whose rows and columns are numbered 
by the elements of B. 

The following is a version of the quantum Sylvester theorem for the extended 
twisted Yangian X(0^); cf. 0, |H|, [T2|. 

Theorem 2.6. The mapping 

Sabiu) ^ si.iu) (2.25) 
defines an algebra homomorphism X(g^_4^) — > X(g^). Moreover, 

sdet {u) = sdet S{u + M/2) 

X sdet Sq^{u + Af/2 - 1) • • • sdet S^^{u + M/2- N + M + 1). 

Proof. By Proposition 12. 51 we have 

d : sab{u) ^ [sdet Sgsiu + M/2)] • sl^{u). (2.26) 

As we observed in the proof of Proposition l2.5l the expansion of sdet Sj^g{u) only 
contains the series Sij{u) with i,j G {— m, ...,m} (and with some shifts in u). 
Hence, by Corollary 12.21 the series sdetS'gg(u) commutes with s^(,(w) for any 
a,b G A. Since "d preserves the defining relations of the extended twisted Yangian, 
we can conclude that the assignment (12.25(1 defines a homomorphism. 
Furthermore, applying (|2.18l) and 12. 1611 . we deduce 

^ : s a":" (u) ^ [sdet S^eiu + M/2)] • sdet S{u + M/2). 

Now we calculate this image in a different way and compare the results. The 
expansion of the Sklyanin minor s a\---aZ-M (^) the form of a linear combination 
of the products 

Sbiciiu) Sb^c2iu - 1) • • ■Sb„cjv(w - N + M + 1), bi,Ci G A, 

the coefficients being rational functions in u. Using the relation ((2.26(1 we derive 
the desired formula. □ 

Denote by aab{u) the entries of the Sklyanin comatrix corresponding to the 
matrix 5«( u). 

Proposition 2.7. For any a,b A we have the relation 

aab{u) ^ Sabiu + M/2) 

X sdet S^jsiu + M/2 -!)■■■ sdet Si^jsiu + M/2- N + M + 2). 
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Proof. We use the same argument as in the proof of Theorem 12. 61 Let us calculate 
the image of the auxiliary minor s a (^) under the map d in two 

different ways; see (I2.22f) . Using (|2.17|l we get 

= (-1)^-^^- [s Z--- ZZZ {~u + n-m- 1)] ■ Sa^a, i-u + n-m-l). 
Now apply v and tujv by using H2.16|l and H2.17|l to conclude that 

On the other hand, the expansion of the auxiliary minor a (^) 

terms of the matrix elements has the form of a linear combination of products 

SbicAu) Sb2C2{u - 1) ■ ■ ■ SbN-icN-ii^ - N + 2), bi,Ci e {1, . . ■,N}, 

the coefficients being rational functions in u. The proof is completed by the appli- 
cation of (EiSni)- □ 

Interchanging the roles of the sets A and B in the above arguments one can 
easily derive the corresponding dual versions of Theorem 12 . 61 and Proposition 12. 71 
Here we only record the counterpart of the first part of Theorem 12.61 which will be 
used below. 

Proposition 2.8. The mapping 

defines an algebra homomorphism 'K.(Qjy.j) — s- X(g^). 



3 Sylvester theorem for the twisted Yangian 

The twisted Yangian Y(g^) corresponding to the Lie algebra is the quotient 
of the extended twisted Yangian X(g^) by the following symmetry relation 

0^]S-J.-^{-^L) = S,j{u) ± ^ , (3.1) 

or, in the matrix form, 



S\~u)^ S{u)± 



2u 



From now on, we shall mainly work with the twisted Yangian and so we keep the 
same notation s^j' for the generators of the algebra Y{qj^). Note that for any even 
series g{u) G 1 + C[[m~^]] the mapping 

Sij{u) ^ g{u) Sij{u) (3.2) 
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defines an automorphism of Y(0^). 

As we shall see below, the homomorphism of Theorem 12 .61 respects the sym- 
metry relation in the orthogonal case, while in the symplectic case a minor correc- 
tion is needed to obtain a corresponding homomorphism of the twisted Yangians. 
In order to treat both cases simultaneously, introduce the following notation 

1 in the orthogonal case 



u-p+1/2 



in the symplectic case. 



The image of the Sklyanin determinant in the twisted Yangian Y(g^) acquires 
the following symmetry property 

an{u)~^ ■ sdet S{u) = a„{-u + N - ly^ ■ sdet S{-u + N -1), (3.3) 

see ^1 Section 4.11]. Moreover, the mapping 

Siu) ^ aniu) ■Si~u + N/2~l) (3.4) 

defines a homomorphism of Y(g^) into itself; see [23 Proposition 2.1]. 

We can now prove a quantum Sylvester theorem for the twisted Yangian 
Y(g^). We use the notation of the previous section. In particular, recall that 
s*j(w) denotes the quantum minor as in H2.24|l for any a,b £ A. 

Theorem 3.1. The mapping 

Sab{u) a^„^{u) slf^iu) (3.5) 
defines an algebra homomorphism ^(Qj^^m) ^ ^(Qn)- Moreover, 

sdet [a-m{u) S'^{u)] = a{u) ■ sdet S{u + Af/2) 

X sdet S^^{u + M/2 -!)■■■ sdet ^^^(w + M/2 - N + M + 1), 

where 

a{u) = «_„,,(«) a^m{u — 1) • • • a^„i{u — N + AI + 1). 

Proof. Denote by S*{u) the matrix which occurs on the right hand side of H3.4|l . 
Then by 13. 3|) we have 

tat an{u + N/2) 

c(u + N/2) 

where we have put c{u) = sdetS'(w) for brevity. Denote by <S'^^(w) the submatrix 
of S*{u) whose rows and columns are numbered by the elements of .4 and let 's*f,{u) 
denote the entries of the Sklyanin comatrix corresponding to ^^^(u). Using the 
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definition of the auxiliary minors and applying l|2.15|) and (|2.17|l . we come to the 
relation 



szz::Z:l]{u + Mi2)^c{u + M/2) 

^ ^ a„ {—u + n — m + N/2 — i) 



c{—u + n — m + N/2 — i) ' ^ 

i—l ^ ' ^ 

where we have also used the fact that the coefficients of the Sklyanin determinant 
are central in the twisted Yangian Y{2j^). Observe that by we have 

c iu + M/2 • 7 ' ' = a„ u + M 2). 

c [—u + n — ni + N/2 — 1) 

Therefore, H3.6|l takes the form 

S-m---m;a*(w + = a„(M + M/2) • ip{u) ' S*, a, + " " '^l - 1), 

where 

Af-M-l , , 

/ X TT an(-u + n - m + Jy / 2 - ij 



i=2 



c {—u + n — rn + N /2 — i) 



By the symmetry property 1)3. 3|) we have ip{u) — ip{~u), and so the multiplica- 
tion of the generator series Sij (u) by (p{u) preserves the twisted Yangian defining 
relations. Furthermore, by H3.4|l . the mapping 

Sabiu) t-^ a„_m(w) s*ft(-w + n - TO - 1), a,b £ A 

preserves the defining relations of Y{Qn^m)- Thus, we may conclude that the 
mapping 

Sab{u) ^ an-m{u) a.a{u + M I2y^ sZZ'-.-'^X + 

defines a homomorphism Y(g^_jy^) ^ Y(0^). To complete the proof, observe that 
an-miu) aniu + M/2)"i = a-m(M)- 

The formula for the Sklyanin determinant of the matrix a^m{u)S^{u) is im- 
mediate from Theorem 12.61 and the definition of sdet □ 

The corresponding version of Proposition lTHl for the twisted Yangian has the 
following form. 

Proposition 3.2. The mapping 

/ \ / \ — n ■■■ — m — 1. i, m-(-l'" n / , \ ^ ■ ■ ^ 

Sy(u) ^ OLra-n(u) ■ «_„..._,„_ i, / ..„ (w + n - to) , -TO ^ < TO 

defines an algebra homomorphism Y{qj^j) — )■ Y(g^). □ 
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Now we shall demonstrate that in the case of the twisted Yangian the entries 
of the Sklyanin comatrix can be expressed in terms of Sklyanin minors; cf. (|2.15|l . 
We need the following lemma. 

Lemma 3.3. For the twisted Yangian Y(g^) we have 

An Si{u) RU~2u +!)■■■ i?iV(-2u + iV - 1) = An Sl{-u). (3.7) 

Proof. We have the relation {N — 1)1 An — An A'j^_^, where A']^_-^ denotes the 
anti-symmetrizer corresponding to the subset of indices {2, . . . , N}. By H2.7|l . 

A'n_, RU-2U +!)■■■ RIn{-2u + N - I) = (l + ^li±_±^) . 

Therefore, the left hand side of takes the form 



ANS,iu){^l + ^— ^ j. 



Apply this operator to a basis vector 

Vtj = Cq^ (g) eai «> ■ ■ ■ «)ea. ® • ■ • (g) Cajv, i,j & {1, . . ■ , N} , 

where (ai, . . . , on) — {~n^ . . . , n). The coefficient at An vh will be equal to Sa^aj (u) 
if aj — —Oi, and equal to the expression 

2u — 1 2u — 1 

if flj ^ —Oi. In both cases the coefficient coincides with 

2m +1 t i_ N 

due to the symmetry relation H3.1|l . □ 

As before, we set (ai, . . . , un) = {-^n, . . . ,n). 
Proposition 3.4. For any i, j g {1, . . . , N} we have the relation 

sla, {u) = (-1)'+^ . aN-i{u) ■ s ^X^Z {-u + N- 2). 
Proof. The relations and with M ^ N -2 imply that 

(<S'i, ■ . ■ , ^AT-i) = An Sn{u) {Rn-i,n)^^ ' ' ' {Ri,n)~^- (3-8) 

Using the notation H2.20|) and the definition of the matrix S*{u) we can write 
S{u) = an{u) S*{u^) so that H3.8|) becomes 

An {Si, . . . , Sn-i) = a„(w) An S'^(u^) Rn-i at • ■ ■ Rin- (3-9) 
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However, S{u) i~+ S*{u) defines a homomorphism Y(g^) Y{2j^). Therefore, 
writing An — sgna-A^ P^, where a — {1N){2, N—1) • • • , and applying Lemma lXSl 
we can simphfy the right hand side of H3.9|) as 

2u ° + 1 

a„(u) An Rn-im ■ ■ ' ^iW = ± i S*n{-un)- 

Hence, we come to the identity 

An {Si, . . . , Sn-i) = q:„-i(m) An S*n{-un)- 
Applying both sides to the basis vector • • • ® ® • • • (8) eajv ® we get 

a„_i(«) iu-N/2 + l) = i-iy+^s2 ^Z-'Z^^- 

The argument is completed by using the definition of S*{u). □ 

Suppose now that rn = n — 1. As before, we identify the subalgebra of Y(0jy) 
generated by the elements s^'^'' for a, 6 e {—n, n} with the twisted Yangian Y(g2)- 
The restriction of the homomorphism H3.4|l to the subalgebra Y(02) defines the 
homomorphism 

</>:Y(02)^Y(0^). 
The defining relations of the twisted Yangian imply that the map 

Sabiu) ^ sgna • sgn6 • Safc(u), a,b e {-n,n} 

defines an automorphism : Y(g2) Y(g2)- 

Corollary 3.5. The homomorphism (j) coincides with the homomorphism (|3.5|) in 
the symplectic case, while in the orthogonal case the homomorphism H3.5|l coincides 
with the composition (/> o -0 . 

Proof. This is immediate from Proposition 13.41 and the skew-symmetry of the 
Sklyanin minors. □ 

The symmetry relation (|3.1(l allows one to obtain the following expansion 
of the auxiliary minors (see 9, Proposition 4.4]): if —bi € {ai, . . . ,ak-i,c} and 
c ^ {-62, • • ■ , ~bk-i} then 

^ Z::z;:(-} - 1^ Ei-^y' 4.. (-) ^Z-ZT-' (--!)• (3-10) 

i=l 

Using this relation together with l|2.12|l and l|2.13|l one can derive explicit formulas 
for the Sklyanin determinant and some Sklyanin minors. The formulas use a special 
map 

lon-.&n^&n, p^p' (3.11) 
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from the symmetric group 6 n into itself which is defined by the following inductive 
procedure. Given a set of positive integers ci < • • • < Cat we regard 6n as the 
group of their permutations. If = 2 we define as the map S2 — * 62 whose 
image is the identity permutation. For N > 2 define a map from the set of ordered 
pairs (cfc, q) with k ^ I into itself by the rule 

{ck,ci) 1-^ {ci,Ck), k,l < N, 

{ck,CN) ^ {cN-l,Ck), k<N-l, 

(cAr,Cfe) i-> (cfc,CAr_i), A;<7V-1, (3-12) 

(cAr_i,Cjv) ^ icN-l,CN-2), 
{cn,CN-i) ^ icN-l,CN-2)- 

Let p = {pi^ . . . ,Pjsi) be a permutation of the indices ci, . . . , cat. Its image under 
the map Wjy is the permutation p' = {p[, . . . ,p^_j^,cjv), where the pair 
is the image of the ordered pair {pi,pj^) under the map (j3.12(l . Then the pair 
{P2:Pn-2) is found as the image of {p2tPn-i) under the map H^H2|I which is defined 
on the set of ordered pairs of elements obtained from (ci , . . . , cat) by deleting pi and 
Pj^. The procedure is completed in the same manner by determining consequently 
the pairs {pl,pj^_.^). 

Now suppose that M is a positive integer and M — 2m 01 M = 2m + 1. For 
the proof of the following formula for the Sklyanin minor in the twisted Yangian 
Y(0jv) see 0. 

Proposition 3.6. Suppose that ai, . . . , qm, are arbitrary indices from the set 
{— n, . . . ,n\. We have 

0.1 ■■■ aM-l,bM ^ ' 

— ara{u) > sgnpp'-s* „ , (— u)---s* „ (— u + m — 1) 

peSM 

xs „ „ (it — m) • • • s „ I, (u — Af + 1), 

where the s*^ (m) denote the entries of the matrix (u) . □ 

Remark 3.7. Although this determinant-like formula does not apply to arbitrary 
Sklyanin minors s ^^'^ (u) , it provides explicit formulas for the Sklyanin deter- 
minant sdet S'(u) and the matrix elements 'sij{u) of the Sklyanin comatrix; see 
Proposition 

For the use in Section |31 we shall prove the following simple property of the 
map (|TTT|) . 

Lemma 3.8. The map &n — > 6n defined by p i—> p (ji')^^is bijective. 

Proof. Suppose that p and q are two elements of 67V such that p {p')~^ = q {q')~^. 
It suffices to show that p = q. By definition of the map uJj^ we have p'j^ = qj^ = N 
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which imphcs that = q^y. Then, due to the formulas (|3.12|l . we have p[ = q[. 
Hence, Pi = Qi- Now, smcc the pahs {pi,pj^) and {qi,qj^) coincide, so do their 
images under the map H3.12|l . In particular, p'j^_i = Qn^i- This implies that 
Ppf_i — <Zjv-i ^^'^ proof is completed by repeating this argument for the pairs 
iP^+l:PN-^) and {q,+l,qN-^) with i = 1,2,.. .. □ 



4 Skew representations 

As before, we suppose that iV = 2n or iV = 2?i + 1 so that 

flAr = 02n+l, Sp2„, Or 02„. (4.1) 

The finite-dimensional irreducible representations of are in a one-to-one cor- 
respondence with n-tuples A — (Ai,...,A„) where the numbers A.^ satisfy the 
conditions 





for i 


= 1,.. 


,.,n- 


-2Ai e Z+ 


for 


07V = 


02n+l: 


-Ai e Z+ 


for 


07V = 




-Ai - A2 e z+ 


for 


9n = 


02n- 



Such an n-tuple A is called the highest weight^ of the corresponding representation 
which we shall denote by V{X). It contains a unique, up to a constant factor, 
nonzero vector ^ (the highest vector) such that 

Fii^ = Ai<^ for i = I,. . .,n, 

Fij ^ = for — n^i<j^n. 

Let M be a nonnegative integer such that A^ — M is even and positive. So, M = 2m 
or M = 2m -I- 1 for some m < n. We shall identify the Lie algebra g^^ with 
the subalgebra of Qj^ spanned by the elements Fij with the indices satisfying 
~ni ^ i,j ^ m. Denote by ^(A)"*" the subspace of g^yj-highest vectors in ^(A): 

^(^)^ = {?? e y{X) I Fij 77 = 0, -m ^ i < j m}. 

Given a 0j^,^-weight /i = (/ii, . . . , we denote by V^(A)^ the corresponding weight 
subspace in F(A)+: 

= {7? e V(A)+ I F,,77 = /i,77, i = l,...,m}. 
We have a natural vector space isomorphism F(A)+ = Homj,^^ (F(/i), V^(A)). 

'^In a more common notation, the highest weight is the n-tuple (—An, . ■ ■ , — Ai). In particular, 
in the symplectic case this n-tuple is a partition. 
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For any i, j G {—n, . . . , n} introduce the series in u ^ with coefficients in the 
universal enveloping algebra U(0^) by 

fij (u) = + F,j ± ^) . 

The mapping 

TT : (u) (u) (4.2) 

defines a surjective homomorphism Y{qj^) — > U(gjY) called the evaluation homo- 
morphism; see and |14l Proposition 3.11]. Let F(u) denote the N x N matrix 
whose ij-th entry is the series fij{u). We may introduce the Sklyanin minors 
/fci- 'bfc '-'^ ^^^^ matrix as the images of the corresponding minors of the matrix 
S{u) with respect to the evaluation homomorphism, 

By Theorem 13. II we have a homomorphism Y(g^_j^^) U(g^) given by 

p : sM - f t (u + m/2). (4.3) 

Due to CorollaryE21 the image of this homomorphism is contained in the central- 
izer U(g^)SM of the subalgebra gj^,^ in the universal enveloping algebra U(fl^). On 
the other hand, the vector space V(A) J is obviously a representation of V{Q]y)^" . 
Thus, V(A)^ becomes equipped with the Y(g^_^,^)-module structure defined via 
the homomorphism p. We call this module the skew representation of Y(g^_jy^). 
In the particular case M = (with even N) the skew representation is just the 
evaluation module V{X) over Y{gj^) defined via the evaluation homomorphism 

63. 

The universal enveloping algebra U(g^_^j) can be identified with a subal- 
gebra of the twisted Yangian Y{Q]^_j^) via the embedding Fab ^ s^^jj , see 
Proposition 3.12]. The elements Fab are stable under the composition of this em- 
bedding with the homomorphism p. Indeed, if a ^ then this is verified directly 
from the definition of the Sklyanin minors with the use of l|2.23|l . If a = 5 then 
we may assume without loss of generality that m — n — I and a — ±n. So, the 
claim follows from CoroUarv 13.51 and (|3.3|) . In other words, the restriction of the 
Y(0^_^,^)-module V^(A)+ to the subalgebra U(0jy_^,^) coincides with its natural 
action defined by the U(£|^)-action on V{X). 

We shall now concentrate on the symplectic case — spj^ where N ~ 
2n. Our next goal is to prove that the skew representations of Y(sp^_^j) are 
irreducible. First we show the following. 

Proposition 4.1. The centralizer U(sp^)^''*^ is generated by the image of the 
homomorphism p and the center o/U(spjv). 
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Proof. For a different homomorphism p' : Y(sp^_j;/) U(spjv)*''" given by 

Safc(w) t-^ a„(w) /afc(-ti + n - 1), a,beA, (4.4) 

where fab(u) is the image of Soh(w) under the evaluation homomorphism H4.2|l . this 
statement was proved in ^1 Section 4]. Denote by U' the subalgebraof U(5pjv)^''*^ 
generated by the center of U(spjv) and the coefficients of the series /I™!!!™'^ (u) 

with a,h & A. It is sufficient to prove that all the coefficients of the series fab{u) 
belong to U'. However, the center of U(sp7v) is generated by the coefficients of the 
Sklyanin determinant sdet i^('u), i.e., the image of sdet S'(u) under the evaluation 
homomorphism (|4.2I) : see 1^1 Theorem 5.2]. Then by Theorem 13. II the coefficients 
of the series sdeti^gB(u) belong to U'. Due to Proposition 12. 71 the coefficients of 
the series fab{u) also belong to U'. □ 

Corollary 4.2. The skew representation V^(A)+ of the twisted Yangian Y(sp^_j(/) 
is irreducible. 

Proof. Since the representation F(A)+ of U(5pjv)^''^' is irreducible W, Section 9.1], 
the statement follows from Proposition 14 . II as the central elements of U(sp^) act 
on V^(A)+ by scalar operators. □ 

Remark 4.3. In general, the corresponding statement for the orthogonal twisted 
Yangian Y{on-m) is false; see for the particular case N ~ M = 2. If N 
is even, then the Y(o2)-module V^(A)+ is still irreducible. If N is odd, then for 
general parameters A and /i the Y(o2)-module V^(A)^ is isomorphic to the direct 
sum of two irreducibles. It looks plausible that, in general, the Y(oAr_7\/)-module 
F(A)+ is completely reducible. It would be interesting to obtain its irreducible 
decomposition. 

Now recall the classification results for representations of the twisted Yangian 
Y(5pjv); see QUI- If is a finite-dimensional irreducible representation of Y(spjv) 
then V contains a unique, up to a scalar factor, vector ^ 7^ such that 

Sii{u) ^ ^ lii{u) for i = l,...,n, 

Sij{u) ^ = for — n^i<j^n, 

where each pi(u) is a formal series in u^^ with coefficients in C. Moreover, there 
exist monic polynomials Pi(ii), . . . , P„(w) in u with Pi{u) = Pi{—u + 1) such that 

,.2,...,. (4.5) 

Pi[u) Pi(u) 

and 

m{-u) Pi{u + 1) 



The n-tuple p{u) = {pi{u), . . . ,//„(u)) is called the highest weight and the Pi{u) 
are called the Drinfeld polynomials of the representation V . Furthermore, given an 
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n-tuple (Pi('u), . . . ,Pniu)) of monic polynomials with Pi{u) = Pi{—u + 1) there 
exists a finite-dimensional irreducible representation V of Y(spjv) having this n- 
tuple as the family of its Drinfeld polynomials. The isomorphism class of such 
representation V is determined uniquely, up to the twisting by an automorphism 
of Y(spjv) of the form 

S^j{u) t-> g{u) Si.j{u), 

where g{u) is a series in with constant term 1. 

Since the Sklyanin determinant sdet S{u) is central in Y(spjv), it acts on V by 
scalar multiplication. The scalar can be calculated with the use of Proposition l3.6l 
see also We have 

n 

sdet ^(u)!^ = a„(u) + i - 1) ^i{u - N + (4.7) 

1=1 

Proposition 4.4. With the above notation, for any k — 1, . . . ,n in the represen- 
tation V we have 

Proof. By (I2.12|l we can write 

n 

c——n 

Apply both sides to the highest vector f . We have Sck{u — 2k + 2) = ii c < k. 
On the other hand, if c> A; then s ztti k-i c(") = by (EUSJ- Finally, if c = fc 
then H2.14|l gives 



s 



-k+i---k /'„,^ _ „ -fe+1 ■■■ 
-fe+1 ■■■ fc- 



^,M^sztti::.tzi(u) 



completing the proof. □ 

Our aim now is to identify the representation T^(A)+ of Y(sp^_ji/) by calcu- 
lating its highest weight and Drinfeld polynomials. Note that for the evaluation 
module V^(A) over Y(sp^) these can be immediately found from H4.2(l . In particu- 
lar, the i-th component of the highest weight is given by 

^— ^, t^l,...,n. 4.8 

u — 1/2 

In the case M > we employ the basis in the spjy-module V^(A) constructed 
in jll| . This basis is parameterized by the patterns A which are arrays of non- 
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positive integers of the form 



All 

A'li 

where A = (A„]^, . . . , A„„) is the top row of A and the foUowing hetweenness con- 
ditions hold 

^ ^'ki ^ '^ki ^ A'j,2 ^ Aj,2 ^ • ■ • ^ ^'k,k-i ^ Aj^^ ^ A'fcj, ^ Afefe 

for k ~ 1, . . . , 71, and 

^ A'fci ^ Aj._i 1 ^ A'i,2 ^ Aj,_;^ 2 ^ • • • ^ A'j, ^ A;,_i ^ A'j,j, 

for fc = 2, . . . ,n. The representation 1^(A) admits a basis parameterized by aU 
patterns A. The formulas for the matrix elements of a family of generators of the 
Lie algebra spjy ™ this basis can be explicitly written down; see JI] . We shall only 
need these formulas for the generators Fkk- We have 

(k k k-1 \ 

'^T.^'M-Y.^k^-Y.^k-lACA. fc=l,...,n. (4.9) 
i=l i=l 1=1 / 

Given a highest weight /i = (/ii, . . . , /Zm) for spj^j, a basis of the space V{X)'^ 
is formed by those vectors Ca f^^' which the row {XmiJ ■ ■ ■ i A^m) of ^ coincides 
with /i and 

Afej = A'fc, 1 ^ i A: ^ TO. 

Omitting the same triangle part below the m-th row of all such patterns A we get 
trapezium-like patterns (still denoted by A) with the top row A and the bottom 
row /i, as illustrated: 

Ai A2 • • • A„ 

^ril ^n2 ^nn 

\' V \' 

^m+1,1 ' '^m+l,m+l 

Ml M2 ••• Mm 

Due to the betweenness conditions, the space V{\)^ is nonzero if and only if 
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and 

^ l^i+n—nij ^ — 1, . . . , 7Z, 

assuming ~ —oo for i > m. We also set fii — for i ^ 0. In what follows we 
suppose that ^(A)+ is nonzero. 

Denote by 1} the diagonal Cartan subalgebra of 5pjv-M spanned by the basis 
vectors F^k with A: = m + 1, . . . , n. Let the £k € f)* with fc = ra + 1, . . . , rt be the 
dual basis vectors of f)*. Consider the root system for spjy-M with respect to f) 
where the basis vectors Fij with i < j are positive root vectors so that the positive 
roots are —2ek with fc = m + 1, . . . , n and ± — Sj with m+l^i<j^n. By 
(|4.9|) . the weight w(A) = (wm+i, . . . , w^) of a trapezium pattern A with respect 
to t) is given by 

k k fc-1 

Wk = 2j2Kt -J^-^kt -Jl-^fc-i," fc = m + 1,.. .,n. 

i—l i—1 i—1 

We shall need the standard partial ordering on the set of weights of an sp^_jv/- 
module V. We shall write w ^ w' for two weights w and w' of V if w' — w 
is a linear combination of positive roots with nonnegative integral coefficients. 
Since the vectors (^^ corresponding to the trapezium patterns A form a basis of 
the spjv-A/"™odule F(A)^, the set of weights of this module is comprised by the 
weights w(A) for all possible patterns A. 

Given three integers i,j,k we shall denote by mid{i, j, k} that of the three 
which is between the two others. If one of the indices, say, k is the symbol — oo then 
mid{j,j, fc} is understood as min{i,j}. Consider the trapezium array Aq whose 
entries are determined by 

Afcj = mid{Xi, ^J,i+k-m, f^t+m-k} (4-10) 

and 

■^'ki — ™d{Ai, /ii_)-fe_„j_i, } 

for all possible values of i and k. One easily verifies that Aq is a pattern. 

Proposition 4.5. The sp]sj_f^.[- module V{X)^ has a unique maximal weight. This 
weight coincides with u'(Ao). 

Proof. Suppose that w{h) is a maximal weight of V^(A)^ for some pattern A. Then 
the entries of A should satisfy 

Afc, = max{Afe,, Afc_i^ J (4.11) 

for all fc = m + 1, . . . , n — 1 and i = 1, . . . , /c, where we assume A^.,- — ~oo for i > k. 
Indeed, if the equality is not attained for some k and i then by the betweenness 
conditions we have A'^^ > max{Aj,j, A^. -^ Therefore, decreasing the entry A'^^ by 
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1 we get a pattern of greater weight than w(A) which contradicts the maximahty 
of u;(A). Thus, the weight w{A) = [wm+i, ■ ■ ■ , w„) can now be written as 

fe-i 

Wk^Yl ~ h-i,^] + Kk^ fc = m + 1, .. .,n. 

i=l 

We shall argue by induction on n — to to show that the Aj.^ must be given by (|4.1U|I . 
This will imply the statement since the entries of Ag do satisfy H4.11|l which is easily 
seen. In the case n — to = 1 there is nothing to prove. Suppose that n — to = 2. 
Omitting the primed entries, we can depict A as 

Pi P2 ■■■ Pn-2 Pn-1 
Pi P2 ■■■ Pn-2 

where we have put pi = X„_i j. The weight w{A) — (wn-i, Wn) is given by 

n-2 

Wn-1 = ^ \Pi - Pt\ + Pn-1, 

7-1 (4.12) 

Wn = '^\^i- Pi\ + ^n- 

i=l 

Suppose that (|4.10l) is violated for some i so that pi ^ midjA^, //i+i, Observe 
that by the betweenness conditions we have 

p^+l ^ mid{Ai,/ii+i,/ij_i} ^ 

Hence, if pi < uiid{Xi, pi+i, pi-i} (respectively, pi > mid{Ai, //i+i, then 
we can increase (respectively, decrease) the value of pi by 1 without violating the 
betweenness conditions and thus to get another pattern A'. Due to the formulas 
(|4.12() . we have w{A) -< w(A') which contradicts the maximality of w{A). This 
proves the statement in the case under consideration. 

Suppose now that n ~ m > 2. Let us set pi = A„_]^ ^ as above, and consider 
the set of patterns having p = (pi, . . . , Pn-i) as the top row and p as the bottom 
row. Then, by the maximality of w{A), the trapezium subpattern of A with the top 
row p and bottom row p will clearly be of a maximal weight amongst all patterns 
of this set. By the induction hypothesis, we must have 

Aj.j = mid{pi, pi+k-ni, Pi+m-k} (4-13) 

for all k = TO + l,...,n — 2 and i — 1, . . . , /c. Similarly, the subpattern of A 
having the top row A and the bottom row a — (ci, . . . ,(T„_2) is of a maximal 
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weight amongst all patterns of this form, where we have put cTi = X„_2 i- By the 
statement for the case n — m = 2, we must have 

Pi = mid{Aj,o-i+i,o-i_i}, i = 1, . . . ,n - 1. 

Combining this with the relations ai = mid{pi, /ii+„_„i_2, Aii+m-n+2} implied by 
(|4.13() . we get the desired relation for the row p of A, 

Pi — niid{Ai, Pi+n-m-l, fM.+m-n+l}, 1 = 1, . . . ,71 — 1. 

Indeed, this is easily verified by looking at all possible combinations of the three 
values of each of (Ti-i and (Tj+i. Finally, substituting these values of pi into H4.13|l 
we conclude that ()4.1(Jf) holds for all possible k and i. Thus, A coincides with 
Ao. □ 

Corollary 4.6. The vector Ca the highest vector of the Y(spj^_j^j) -module 

Proof. It suffices to demonstrate that (^^^ is annihilated by all generators Safc(u) 
of Y{sppf_j^/[) with a < b, since by |10[ Remark 4.4] the vector will then have 
to be an eigenvector for all Saa{u) with a = rn + 1, . . . , n. 

Recall that Sab{u) acts on V{X)'^ as a Sklyanin minor which is a series in 
u^^ with coefficients in the universal enveloping algebra U(spjv); see H4.3II . Using 
Proposition l2.1l it is easy to derive that the weight of all these coefficients coincides 
with the weight of the element Fab with respect to the adjoint action of the Cartan 
subalgebra f) of spjv-M- Therefore, if a < 6 then the vector Sab (w) Ca^ has the 
weight w{Ao) + a for a positive root a. Now the claim follows from Proposition l4.5l 

□ 

Corollarv l4 . 61 implies that the highest weight p{u) = {pm+i{u), ■ ■ ■ of 
the Y(sp^_ji/)-module V^(A)+ is determined by the relations 

Saa (w) Cao = Ma (w)Cao' a = m+l,...,n. 

In order to calculate p{u) we shall use the results of where the particular case 
m — n — 1 was considered. In [llj the vector space T^(A)^ was endowed with the 
Y(sp2)"i^odule structure defined by the composition of an automorphism of the 
type 13.211 and the homomorphism 14.4|l . Therefore, using Corollary 13.51 we can 
reformulate the result for the Y(sp2)"niodule structure on ^(A)^ defined by the 
homomorphism (|4.3|l to obtain the following. 

Proposition 4.7. For m = n — 1 in the Y{sp2)-module V^(A)^ we have 



n+l{u) f _lXl '■■■''n{u + n~ 1) Cao 

n u - min{Ai_i,^i_i} + z ~ 1/2 -A- u + max{Aj, pi] - i + 1/2 
u + i - 1/2 IJ- u-i + 1/2 
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In the case of arbitrary m < n introduce the following notation: 
-Pf iu + ^l^-i + 1/2) {u-n, + t + 1/2) 

"("^=n — (.-.+i/2)(.+^+i/2) — ■ (4-^^) 

Theorem 4.8. The highest weight ^{u) — (/im+i(M), . . . , /in(w)) of theY(sppf_]^f)- 
module 1^(A)+ is given by the formulas 

Yj u - niax{Aj,^j+fe_™} + fc - m + i - 1/2 

i—l 

u + min{A,:, + — m — z — 1/2 



n 



. U + ^li+rn-k+l+k-m-i -1/2 

2 — 1 

u + minjAfc, /im} — to — 1/2 
u — m — 1/2 ' 

where k = m + 1, . . . ,n. 

Proof. Let us denote by (pabiu) the image of the series Satiu) under the homomor- 
phism p defined in (|4.3|l . that is, 

= a^MfZZ..Z:t(^ + M/2). (4.15) 

Combine these series into the {N — M) x {N — M) matrix $(u). We shall use 
the usual notation for the Sklyanin comatrix and the Sklyanin minors of <i>(w). 
Applying Proposition 12. 71 we obtain the following expression for the rm-th entry 
of the Sklyanin comatrix $(u), 

^nn{u) = a-„,(u) Jnn{u + M/2) ■ /^(u - 1) • • • /^(li - iV + M + 2), (4.16) 

where we have put feiu) — a_m(M) sdet i^gg(M + M/2). On the other hand, by 
Proposition 13. 41 we have 

iPnnW = aN-M-l[u) if _„+i ... _,„_i^ ,„+!...„ [~U + N - M - 2) 

and 

l^{u) - aj,.^{u) f Z"^tl ■::Z{-u + N-2). 

Therefore, by 

I \ — n+l ■■■ — m— 1. m+l--- 71 / i at" ti f" o\ 

0LN-M-\(V) ip ... „ {-u + N - M - 2) = 

aN-i{u + M/2) f -_IX\ ■■:l{~u + N- M/2 - 2) 

X «_„(«) /s(u -!)■■■ fB{u-N + M + 2). (4.17) 
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Similarly, applying Theorem l3.1l we derive the identity 

/ \ — n ■■■ — m— 1, m+l--- n / , at i\ r i\ 

aAr_M(u)V'-„...-m-i;m+l...„ + A^ - M - 1) = 

aN{u + M/2) f Zl ::. '^{-u + N- M/2 - 1) 

X a^M Mu -I)-- - fB{u-N + M + 1). 

Replacing here n by n — 1 and u by w — 1 we get 

aN-M-2[U -l)ip ... „i + l... „-l [-U + N -M -2) = 

aN-2{u + M/2 - 1) / -_IX\ ■::.IZ\ {-u + N~ M/2 - 2) 

X a_,„(u - 1) feiu -2)--- fB{u-N + M + 2). (4.18) 

Due to Proposition ^31 in V{X)^ we have 



— 71+1 ■■■ — m~l,m+l'--7i / \ /■ 
V -n+1 m-1, m+l---n l^J SAq 

Hence, comparing 14.17|l and (|4.18|) we come to the relation 

feiu - 1) / ::: + 2n - m - 2) Ca„ 

= / ZllXl Z.n-l {-u + 2n-m- 2) Ca^. 

Therefore, for each k = m + 1, . . . ,n the corresponding component of the highest 
weight of the Y(sp^_j^j^)-module X^(A)J can be found from the relation 



U-u-l)fZttl:.tiu + 2k-m-2)CA, 

= Mu) 1 1^} ::: lz\ {u + 2k-m-2) Ca„. (4.19) 



Observe that each of the Sklyanin minors / I^^} ^ (f ) and / iji^j ... ^l} (f ) com- 
mutes with all elements of the subalgebra sp2fe-2 by Corollarv l2.2l Therefore, since 
the basis {CaI of V{X) is consistent with the embeddings sp2fc-2 ^ ^P2k 
vector is an eigenvector for each of these minors. The corresponding eigenvalue 
for the first minor can be calculated from Proposition 14.71 so that 



«-fc+iH/:^:}:::|:(^ + fc-i)CAo 

_ -pr ^ - min{Afc ,,1, Afc_^^^_ J + i - 1/2 

~ ii u + i- 1/2 (4.20) 



u + max{Afc,, Afc_i J - i + 1/2 ^ 
u- 1 + 1/2 
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where the Xki are the entries of Aq. The second minor coincides with the image 
of the Sklyanin determinant for Y(sp2fc-2) under the evaluation homomorphism 
(|4.2|) . Hence the corresponding eigenvalue can be found from (|4.7|) and H4.8|l which 
gives 

a-k+i (u) / ZkXi fell + - 1) Cao 

ii u + i- 1/2 ' u-i + l/2 

see also [O]- Note that since = a_m(u) / 1™!^!™ {u + rn), the last formula 

with k = m + 1 also applies for the calculation of /b(u) (j^^. Hence, 

/b(-w-1)Ca„ =K")Cao (4.21) 

with ^{u) defined in (|4.14|) . Furthermore, the formulas H4.10|) for the entries of Aq 
imply that 

max{Afei, Aj._i J = mid{Aj, ^it+k-m-i, ^J■i+m-k} (4.22) 

and 

min{Afcj, Aj._;^ J = mid{Ai, /ij+fc^m, ^li+rn-k+i} ■ (4.23) 
Using ijn^ we obtain the following expression for iik{u)'. 

, . I s -TT w - mid{Ai_i,^i+fc-m-i, Mi+m-fe} + - "I + i - 3/2 

Hk\U) — V(U) I I -7- ^ ; J— 

r=2 ^ mid| Ai_i, ^i+fc_„_2, Mi+m-fe} + A: - m + I - 3/2 

k—1 

Yj w + mid{Ai, fii^k-rn-i, fJ'i+m-k} ^ k - m - i - 1/2 

X 



n 



u + mid{Ai, ^li+k-m-i, ^J■l+m-k+l} + k - m - i - 1/2 

u + min{Afe, /im} — m — 1/2 



u — m — 1/2 

Finally, replace the index i in the first product by i + 1 and note that if Xi ^ 
fii+k-m~i then the corresponding factor equals 1. Similarly, if Xt ^ /ij+m-fc+i 
then the corresponding factor in the second product equals 1. This brings the 
expression for ^k(u) to the required form. □ 

We can now compute the Drinfcld polynomials for the Y(sp^_jvf)"Uiodule 
V{X)^ by using Theorem 14.81 Given any sp2„-tiighest weight A ~ (Ai,...,A„), 
set A_i — —Xi for i = 1, . . . ,n. We also assume that Aq = while Xk = —00 
and A_fc = +00 for k > n. Introduce the diagram r(A) as a certain infinite set 
of unit squares (cells) on the plane whose centers have integer coordinates. The 
coordinates of a cell are interpreted as the row and column number so that 



31 



I increases from top to bottom and j increases from left to the right. With these 
assumptions^ , 

r(A) = {(i,j) I -n<i<n+l, ^ j < Ai_i}. 

The diagram has a central symmetry, as illustrated below for A = (—4, —7) and 
n = 2: 



-7-6-5-4-3 



2 3 4 5 6 7 



Note that in the case n = the definition of the diagram formally makes sense 
with A considered to be empty. Thus, r(0) consists of two infinite rows of cells: 



-1 

-8-7-6-5-4-3 








2 3 4 5 6 7 j 

2 


i 



By the content of a cell a = with coordinates i and j we shall mean the 
number c{a) = j — i. For any nonnegative integer p we shall denote by r(A)(P^ the 
image of r(A) with respect to the shift operator (i, j) i-^ {i —p,j). In other words, 
r(A)(*'^ is obtained from the diagram r(A) by lifting each cell p units up. 

We let Pi{u),. . . , Pn-m{u) denote the Drinfeld polynomials corresponding to 
the Y(5p;v-M)-module V{X)+. 

Theorem 4.9. For each k = 1, . . . ,n — m the Drinfeld polynomial Pk{u) is given 
by 

Pk{u)^lliu + c{a) + l/2), 

a 

where a runs over the cells of the intersection r(/u) nr(A)('^~^^. 

Example 4.10. Let A = (-2, -8, -10, -13) and /i = (-4, -7) so that n = 4 and 
m = 2. (In a more standard notation. A and //, can be thought of as the partitions 
(13, 10,8,2) and (7,4), respectively). The polynomial Pi{u) is calculated from the 
figure: 

■^This definition of T{X) corresponds to the one outlined in the Introduction for the partition 
(A-n, . . . , A-l). 
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The horizontal and vortical shadings indicate the diagrams r(A) and r(/u), respec- 
tively. The cells belonging to the intersection r(/i) n r(A) have the coordinates 
(3,-10), (3,-9), (2,-7), (2,-6), (2,-5), (1,-2), (1,-1), (0,0), (0,1), (-1,4), 
(-1,5), (-1,6), (-2,8), (-2,9). Hence, 

Pi(m) = (m-25/2)(u-23/2)(m- 17/2)('«- 15/2)(w- 13/2)(u-5/2)(w-3/2) 
{u + l/2)(u + 3/2)(u + ll/2)(u + 13/2)(u + 15/2)(u + 21/2)(u + 23/2). 

Note that the property Pi{u) = Pi{—u+ 1) is implied by the central symmetry of 

the set r(^) nr(A). 

The polynomial P2{u) is calculated from the figure: 




The cells which belong to the intersection r(/u) fi r(A)^^^ have the coordinates 
(3,-13), (3,-12), (3,-11), (1,-4), (1,-3), (-2, 7). Hence, 

P^iu) = (w - 31/2)(m - 29/2)(m - 27/2)(m - 9/2)(w - 7/2){u + 19/2). 

Example 4.11. In the case m = the vector space V'(A)+ can be identified 
with V{X) and the corresponding Y(sp2„)-module coincides with the evaluation 
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module defined by the evaluation homomorphism 14.2|l . Applying Theorem 14.91 to 
the diagrams r(A) and r(0) we obtain 



Pi(w) ^{u + Xi- l/2){u + Ai + 1/2) ■■■{u- 3/2) 

X {u + l/2){u + 3/2) • • • (u - Ai - 1/2) 

and 

Pk{u) = iu + Afe - l/2)(u + Afc + 1/2) ■■■{u + Xk-i - 3/2), fc = 2, . . . , n. 

On the other hand, the highest weight of this module is given by 14.8|l . Due to 
(|4.5|l and (|4.6|) this obviously agrees with the above calculation of the Pk (u) . 

Proof of Theorem \4.y[ We shall derive the statement from Theorem 14.81 and the 
definition of the Drinfeld polynomials (|4.5I) and l|4.6f) . In order to calculate Pi (u) 
observe that the component /i,„+i(M) of the highest weight can also be found from 
the formula 

see (|4.15f) . Hence, applying H4.20|l with k = m + 1 and using I4.22|l and (|4.23|) we 

get 

/ ^ '^^^ u - mid{Aj_i,^j_i,/ij} + i - 1/2 



u + i- 1/2 

n 



"""j^ u + mid{Ai,/ii_i,/ii} - i + l/2 

X 



1=1 



u-i + l/2 



Therefore, by (|4.6|l . 

Piju + 1) _ u + mid{Ai-i, ^i-i, ^j} -i + l/2 
Piiu) jj^ u + mid{Aj,/.ii-i, /.ti} - i + 1/2 



^ - mid{Ai,/ij„i, ^i} + i - 1/2 



^J^ u - mid{Ai_i,/ii_i,/.ti} + i - 1/2 
This gives Pi{u) = Q{u)Q{~u+l) (-l)'^<=s'3, where 



?Tl+l 



Qiu)^ [](u + A)(ii + A + l)---(u + a, -1) (4.24) 

i=l 

with 

= mid{Ai_i,^i_i,/ii} - i + 1/2 and /3i = mid{Ai, /uj - i + 1/2. 
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Thus, the factor corresponding to the index i in the product in 14.24|l can be 
interpreted as the product nQ('" + c{a) + 1/2), where a runs over the cells of the 
intersection of the diagrams r(A) fl r(/i) whose first coordinate is i. Taking into 
account the central symmetry of r(A) fl r(/i), we derive the desired formula for 

Now using (|4.5|) and replacing the index k hy r — k — m in Theorem 14.81 we 
derive the following expression for the Drinfeld polynomial Pr+i{u) with 1 ^ r < 
n — m: 

Pr+iju + 1) _ ''+p|r2 ^ _ ma.x{Xi+i,fii+r+i} + r + 1 + 1/2 
Pr+i{u) w - max{Ai, ^i+r+i} + + i + 1/2 

i—l 

'"'tT ^ u — max{Ai, + f + j — 1/2 

U — //j+r-l + 1/2 

i—l 

'^'tt'^ u + min{Ai_i, ^i-r-i} + r - i + 1/2 

X 



(4.25) 



n 



_^ u + min{Ai,/ii_r-i} + r - 2 + 1/2 

^ u + Tahi{Xi, ^i^r} + T — i — 1/2 

X 



n 



u + fi'i-r+l + r - i + 1/2 

i—l 

->>i + l^Mi-i-+l<Ai 

Note that the expression has the form 

Pr+i{u + 1) _ Yj u + aj 



Pr+l{u) '^U + P, 

for some parameters aj and /3j with aj — f3j G Z+. This implies that Pr+i{u) is 
given by 

Pr+i{u) = Y[{u + f3^){u + /3j + l)---{u + aj - 1). (4.26) 

j 

It is straightforward to verify that this product coincides with na(^ + '^('^) + 1/2), 
where a runs over the cells of the intersection r(/Lt) fl r(A)(''~^-'. Indeed, changing 
the product index i respectively by i — r and by i — r + 1 in the third and fourth 
products in 14.25|1 we bring these products to the form 

?i + min{Ai+r-i,Aii-i} ~ « + 1/2 



n 



u + min{Aj+r--i, Mi-i} - i + 1/2 

i—l 



n u + min{Xi+r-i, fJ-i-i} - i + 1/2 
u + ^ii~i + l/2 ' ^ ' ' 

i—l 
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Therefore, the factor corresponding to the index i contributes into 14.26|l the 
product na(''^ + c(a) + 1/2), where a runs over the cells of the intersection 
r(/z) n r(A)^''~"'^-' whose first coordinate is i. Note that writing 

- niax{Ai, = min{A_i, ^-i-r-i} 

we can similarly bring the first and second products in H4.25|l to the form (|4.27|l . 
where the product is taken over negative indices. This contributes the product 
nQ(w + c(a) + 1/2) into H4.26|l . where a runs over the cells of the intersection 
T{fi) n r(A)(''~-^) whose first coordinate is non-positive. □ 

5 Centralizer construction 

We now return to our general situation so that denotes either the orthogonal 
or symplectic Lie algebra; see (I4.1f) . We start by recalling the construction of 
the Olshanski algebra Am] see [191 II 5| . Fix a nonnegative integer M such that 
TV - M is even. So, if iV = 2n or = 2n + 1 then M = 2to or M = 2to + 1, 
respectively, for some m ^ n. Denote by Bjv-m the subalgebra of spanned by 
the elements Fij subject to the condition m+1 < \j\ < n. Let Am{N) denote the 
centralizer of g^_jyj in the universal enveloping algebra U{0^). Let U(gjY)" denote 
the centralizer of i^„„ in U(g^) and let I(iV) be the left ideal in U(g^) generated 
by the elements Fin, i = —n, . . . ,n. Then l(iV)° = I(A^) fl U(gjY)° is a two-sided 
ideal in U(0^)° which coincides with the intersection J(A^) nU(0jY)°, where J(A^) 
is the right ideal in U(g^) generated by the elements Fni, i — —n, . . . ,n. One has 
a vector space decomposition 

U(g^)° = l(Ar)0©U(g^_2). 

Therefore the projection of U(gjY)° onto U(g^_2) with the kernel I(A^)" is an alge- 
bra homomorphism. Its restriction to the subalgebra Am{N) defines a filtration- 
preserving homomorphism 

^jv : -> Am(^-2) (5.1) 

so that one can define the algebra Am as the projective limit with respect to this 
sequence of homomorphisms in the category of filtered algebras; see ^S) for more 
details. 

Taking the composition of the homomorphism Y(g^j) Y(g^) defined in 
Proposition 13 . 21 and the evaluation homomorphism (|4.2|l we obtain another homo- 
morphism ipj^ : Y(g^j) U(g^) which takes Sij{u) to the series 

am-n(w) •/_„... _,„_i'j- (li + n-m), -m^i,2<im, (5.2) 

where we have used the notation of Section 0] for the images of the Sklyanin 
minors with respect to (|4.2(l . Observe now that by CoroUarv 12 . 21 the image of "^in 
is contained in the centralizer Am(^), so that tAtv : Y(g^j) Am{N). 
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Proposition 5.1. The sequence of homomorphisms {'iPn\ N = M + 2k, k = 
0, 1, . . . ) defines a homomorphism 

: Y(0m) ^ AAf. 

Proof. We have to verify that the homomorphisms ipN are compatible with the 
sequence of homomorphisms H5.1|l . that is, the foUowing diagram is commutative: 

Y(0^,) = Y(0^,) = ■ ■ ■ = Y{q^,) = ■ ■ ■ 



1pM + 2 



Am(M) < Am(M + 2) < ••• < AmIN) < ••• . 

Let us calculate the image of the series ipN{sij{u)) under the homomorphism irjy. 
Applying H2.12|l we obtain 



_r — n---—7n — i.,t,m-f-i.---n/ . \ 
J-n rn-l,j, m+1--- n [U U — 771) 

Ep—n ■ ■ ■ —m- 



/-« - -m-l, m+1... n-l,c (u + - m) /c„ (u - n + m) , 



where by f tl--- bk-i,ci''^) denote the image of the auxihary minor s1,l'...^^_^ ^(u) 
under the evaluation homomorphism H4.2|l . Now observe that fcn{u~n+m) belongs 
to the left ideal I{N) unless c = n. In this case fnn{u — n + m) = 1 mod I(iV). 
Furthermore, by H3.10|l . 

n ■■■ — m — 1, m+l--- n / \ 
«/ — n ■■ ■ — m— 1, J, m+1- ■ ■ n V^/ 

2f + 1 

~ 2w ± 1 ^^^"^ /ai,-n(~^) / -n+1 m- 1, j, m+1- ■ ■ 1 ~ -*-) ' 

1=1 

where we have set (ai, . . . , a2n~2m.) = {—n ■ ■ ■ — m — 1, i, m + 1 • • • n — 1) and 
V — u + n — m. Now /ai,-„(— w) = 0-n,ai /n,-Oi(— w) belongs to the right ideal 
J(A^) unless Oi = — n, that is, i = 1. In this case fnn{—v) = 1 mod i{N). Note 
that 

am-n{u] - — — = a,„_„+i(M). 
2v ±1 

Hence, ttjv takes ipNisij{u)) to the series 

/ \ — n+l ■■■ — m — 1, z, m+l--- n— 1 / , -t \ 

"m-„+l(w) • f-n+l...-ra-lj.m+l-n~l {u + U - m - I) 

which coincides with ipN-2{sij{u)). Thus, the sequence of coefficients at each power 
of in tpN{sij{u)) with = M + 2fc, A; = 0, 1, . . . defines an element of Am- □ 
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Corollary 12.21 implies that all the coefficients of the series 
am-n(w) •/_„... _,„_i;„+i...„ (w + n- m) = 1 + 4 +cyu +■■■ (5.3) 

belong to the center of the universal enveloping algebra U(g'^_j,j). Hence, for any 

i the coefficient Cj-""* is an element of the centralizer AmiN). The argument of 
the proof of Proposition 15.11 shows that the image of the series (|5.3|l under the 
homomorphism ttjv is 

/ \ /> — n+l ■■■ — m— 1, m+l--- n — 1 / , i\ 

am-n+i{u) ■ /-„+i...-™-i,™+i...„-i (u + n - m - 1). 

Therefore, for each i the sequence a — (cf^^ \ n ^ m + 1) determines an element of 
the projective limit algebra Am- Denote by Cm the subalgebra of Am generated 
by all Ci with i > 1. The subalgebra Cm is studied in detail in ^1 Section 3] 
where it was identified with the algebra of virtual Laplace operators. Up to an 
obvious change of notation, the series H5.3|l coincides with the Sklyanin minor 
fsiu) introduced in the proof of Theorem 14.81 So its Harish-Chandra image can 
be found from (|4.21|) which shows that the elements C2i with even indices are 
algebraically independent and generate the algebra Ca/; cf. ^1 Section 3]. 

Theorem 5.2. The homomorphism ip : Y{qj^j) ^ Am is injective. Moreover, one 
has an isomorphism 

Am = Gm(»Y{9m), 
where Y(g^^) is identified with its image under the embedding -0. 

Proof. Our argument is similar to the proof of |15[ Theorem 4.17]. Consider the 
canonical filtration of the universal enveloping algebra U(0^). The correspond- 
ing graded algebra grU(0jY) is isomorphic to the symmetric algebra S(g^) of the 
space Qpf. Elements of S(g^) can be naturally identified with polynomials in ma- 
trix elements of an x matrix x — {xij)fj^_j^ such that x* — ~x. Denote 
by Pm(A^) the subalgebra of the elements of S(0jy) which are invariant under 
the adjoint action of the Lie algebra fljv-Af- The algebra Am possesses a nat- 
ural filtration induced by the canonical filtrations on the centralizers Am{N). 
The corresponding graded algebra gr Am is naturally isomorphic to the projective 
limit Pj\/ of the commutative algebras Pj\f (A^) with respect to homomorphisms 
Pm(A^) — > Pa/(A^ — 2) analogous to (|5.1|l : see |^ Section 4]. The images in 
Pm ( A^) of the coefficients the series (|5.2ll and (15.311 can be found from the explicit 
formulas for the Sklyanin minors; see Proposition 13. 61 Indeed, apply the proposi- 
tion to the Sklyanin minor sZ^!!!Z™Zx'™]^j!!!^ (u + n — m) then replace each series 
Sij (u) by its image (u) under the evaluation homomorphism 1)4. 2() . Observe that 
the image of s\j{—u) coincides with fij{u =F !)• Since we are only interested in the 
highest degree component of the coefficient at each power of it"^, we may replace 
each expression of type fij(u + c) by 5ij -I- FijU~^. Hence, denoting the elements 
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of the set A = {~n, . . . , —m — 1, to + 1, . . . , n} by ai, . . . , qn-m we can write, 
modulo lower degree terms at each power of u, 

f a".-- aj^-^M^" {u + n-m)= an-,n{u + 71 - m) 

where F denotes the {N — M) x {N — M) matrix whose rows and columns are 
enumerated by the elements of the set A and whose ij-th entry is . Since these 
matrix elements commute modulo lower degree terms, taking into account the 
relation 

a™_„(u) a„_,„(M + n - m) = 1, 

we can conclude from Lemma f3. 81 that the image of the series (I5.3|) in Pa/(-/V) is 
the determinant det(l + xu~^)j^js^. The same argument shows that the image of 
the series (I5.2|) in V m{N) is det(l + a;M~^)^.^^, where 

Ai = {— n, . . . , —TO — 1, i, TO + 1, . . . , n\. 

Our next step is to show that every element (/> of the algebra Pm(^) such that 
deg (j) < n — m can be represented as a polynomial in the coefficients of the series 
det(H-xu^^)^_4 and det(l+xu^^)^.^^ . However, it was proved in |15[ Section 4.9] 

that (j) can be presented as a polynomial in the elements tr {xaa)'' and A'*^'' with 
—TO ^ i, j ^ m and k ^ I, where aI^-* — J2 ^iciXciC2 " ' 'Xc^-ijj summed over the 
indices Cr G A. On the other hand, each element tr {xaa)^ is a polynomial in 
the coefficients of the series det(l + xu~^)_^_^. This follows from the fact that the 
coefficients of the characteristic polynomial det(u + x)j^_^ form a complete set of 
invariants of the matrix x^j^. (Explicit expressions for the elements tr {xJ^y^)'' in 
terms of the coefficients of the characteristic polynomial can be derived e.g. from 
the Liouville formula; cf. ^1 Remark 5.8]). The claim now follows from the well 
known identity 

oo 

dct(l + xu-')^^^^ = det(l + xu-')^^ • (% + ^(-l)'=-iA|f u-^-) ; (5.4) 

fc=i 

see e.g. |H1|7]. Indeed, the identity implies that the elements A|^^ are polynomials 
in the coefficients of the series det{l + xu~^) and det{l + xu~^)^^. This allows 
us to conclude that the algebra Am is generated by the subalgebra Cm and the 
image of the homomorphism ip. 

Observe that since the matrix x satisfies a:* = —x we have the relations 

det(l + xu^^)_^j^ = det(l — xu~^)_^j^ 

and 

Ai;U(_i)^0,^A(^_. 
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Hence, we can write 

oo 

det(l + xu-^)j^j^ = 1 + ^^^''-^ 

r=l 

for some polynomials A'^*"' in the matrix elements of x. For the elements A^^-* we 
shall impose the following restrictions on i,j,k: 

i + j < for k odd, i + j < for fc even 

in the orthogonal case, and 

i + j < for k even, i + j < for k odd 

in the symplectic case. Fix a positive integer K and assume that the index k 
satisfies 1 ^ k ^ K. It follows from the argument of ^1 Section 4.10] that there 
exists a large enough value of N such that the polynomials A^^*^) for even k, and 

(k) 

A^^ with the above restrictions on i, j, k are algebraically independent. Due to the 
identity (|5.4|l , the same statement will hold if each polynomial A'*^'' is replaced by 
the coefficient at u~'^ of the series det(l + xu~^)^,_^.. This proves the injectivity 
of tp and the tensor product decomposition for the algebra Ajv/. □ 

References 

[1] J. Brundan and A. Kleshchev, Parabolic presentations of the Yangian Y(0[„), 
Commun. Math. Phys. 254 (2005), 191-220. 

[2] J. Dixmier, Algebres Enveloppantes, Gauthicr-Villars, Paris, 1974. 

[3] V. G. Drinfeld, Hopf algebras and the quantum Yang-Baxter equation, Soviet 
Math. Dokl. 32 (1985), 254-258. 

[4] V. G. Drinfeld, A new realization of Yangians and quantized affine algebras, 
Soviet Math. Dokl. 36 (1988), 212-216. 

[5] I. Gelfand, S. Gelfand, V. Retakh and R. Wilson, Quasideterminants, Adv. 
Math. 193 (2005), 56-141. 

[6] I. M. Gelfand and V. S. Retakh, Determinants of matrices over noncommu- 
tative rings, Funct. Anal. Appl. 25 (1991), 91-102. 

[7] I. M. Gelfand and V. S. Retakh, A theory of noncommutative determinants 
and characteristic functions of graphs, Funct. Anal. Appl. 26 (1992), 1-20. 

[8] D. Krob and B. Leclerc, Minor identities for quasi- determinants and quantum 
determinants. Comm. Math. Phys. 169 (1995), 1-23. 



40 



[9] A. I. Molev, Sklyanin determinant, Laplace operators and characteristic iden- 
tities for classical Lie algebras, J. Math. Phys. 36 (1995), 923-943. 

[10] A. I. Molev, Finite- dimensional irreducible representations of twisted Yan- 
gians, J. Math. Phys. 39 (1998), 5559-5600. 

[11] A. I. Molev, A basis for representations of symplectic Lie algebras. Comm. 
Math. Phys. 201 (1999), 591-618. 

[12] A. I. Molev, Yangians and transvector algebras. Discrete Math. 246 (2002), 
231-253. 

[13] A. I. Molev, Gelfand-Tsetlin bases for classical Lie algebras, in "Handbook of 
Algebra", Vol. 4, Elsevier, 2006, to appear; arXive imath ■RT/0211289i 

[14] A. Molev, M. Nazarov and G. Olshanski, Yangians and classical Lie algebras, 
Russian Math. Surveys 51:2 (1996), 205-282. 

[15] A. Molev and G. Olshanski, Centralizer construction for twisted Yangians, 
Selecta Math., N. S. 6 (2000), 269-317. 

[16] M. Nazarov, Representations of twisted Yangians associated with skew Young 
diagrams, Selecta Math., N. S., 10 (2004), 71-129. 

[17] M. Nazarov and V. Tarasov, Representations of Yangians with Gelfand-Zetlin 
bases, J. Reine Angew. Math. 496 (1998), 181-212. 

[18] G. I. Olshanski, Representations of infinite- dimensional classical groups, lim- 
its of enveloping algebras, and Yangians, in 'Topics in Representation Theory' 
(A. A. Kirillov, Ed.), Advances in Soviet Math. 2, AMS, Providence RI, 1991, 
pp. 1-66. 

[19] G. Olshanski, Twisted Yangians and infinite- dimensional classical Lie alge- 
bras, in 'Quantum Groups' (P. P. Kulish, Ed.), Lecture Notes in Math. 1510, 
Springer, Berhn-Heidelberg, 1992, pp. 103-120. 

[20] V. O. Tarasov, Irreducible monodromy matrices for the R-matrix of the XX Z- 
model and lattice local quantum Hamiltonians, Theor. Math. Phys. 63 (1985), 
440-454. 



41 



